
S O M E  M O D E L S  O F  M I C R O P O L A R  V I S C O E L A S T I C  M E D I A  

A .  T .  L i s t r o v  a n d  Y u .  A .  S h u r i n o v  

Models of viscoelastic mieropolar media are constructed which generalize the Poynting-Thomson, 
Jeffreys-Lesersie, and Burgers-Mindlin models [2, 3] for the case where the medium has microinertia. 

Generalized micropolar Maxwell and Voigt models are considered in [i]. The models discussed can 
be used for describing the mechanical behavior of suspensions, colloidal solutions, concretes, etc. The 
propagation of small shear disturbance in an unbounded medium is investigated. 

Graphs are plotted of the propagation velocity and damping factors of periodic waves as a function 
of the frequency of the disturbances for each of the models under consideration. The calculations were 
performed on the M-220 computer. 

The results obtained permit making a number of conclusions concerning the effect of relaxation and 
the elastic aftereffect of the media on the propagation velocity and damping of shear waves in the presence 
of microinertia and moment stresses. 

i. The theory of linear micropolar viscoelasticity is based on the following equations of conservation 
of mass, change of momentum, moment of momentum, and energy for micropolar media [i]: 

mr~,r + e~t~ttr + P (l~ - -  ]v'~) = 0 (k, l, r = l ,  2, 3) 

pC" := t~dz~ "~'- e~rt~z (o) r - -  v~) + m~v~,~ + q~,~ ~- ph 

(i.1) 

H e r e  p i s  the  m a s s  d e n s i t y ,  v k i s  t he  v e l o c i t y  v e c t o r  of  a po in t  o f  t he  c on t i nuum,  w k i s  a v e c t o r  c h a r -  
a c t e r i z i n g  the  a v e r a g e  a n g u l a r  v e l o c i t y  of  r o t a t i o n  of  t he  p a r t i c l e s  c o m p o s i n g  a poin t  of  the  con t inuum,  v k 
i s  t h e  v e l o c i t y  v e c t o r  of  m i c r o r o t a t i o n  of  t he  p a r t i c l e ,  f k  i s  t he  m a s s  f o r c e  vec to r ' ,  qk  i s  the  h e a t  f lux  v e c t o r ,  
1 k i s  t he  m a s s  m o m e n t  v e c t o r ,  h i s  t he  h e a t  s o u r c e ,  e i s  t h e  i n t e r n a l  s p e c i f i c  e n e r g y ,  j i s  t he  a v e r a g e  v a l u e  
of  the  m o m e n t  of  i n e r t i a ,  tk l  and mid  a r e  the  f o r c e  and m o m e n t  s t r e s s  t e n s o r s ,  r e s p e c t i v e l y ,  and e k / r  i s  
the  unit  p s e u d o t e n s o r .  

In t he  l i n e a r  t h e o r y  the  dot  o v e r  the  i ndex  d e n o t e s  a p a r t i a l  d e r i v a t i v e  with r e s p e c t  to  t ime~  T h e  v e c -  
t o r s  of  d i s p l a c e m e n t s  u k and m i c r o r o t a t i o n  ~k s a t i s f y  t he  fo l lowing  k i n e m a t i c  r e l a t i o n s  

T h e  d e t e r m i n i n g  r h e o l o g i c a l  e q u a t i o n s  of  mic ropo la~ :  v i s c o e l a s t i c i t y  f o r  the  d e v i a t o r i c  and s p h e r i c a l  
p a r t s  of  the  t e n s o r s  in an o p e r a t o r  f o r m  [1]  a r e  

Pp = Qe, Rt~z ~ = Sg~z ~ + Te~ ~, t~z =: - -  pb~z -~- t~t ~ 

P'm Q'T, R'm~z ~ = ' ~ ' ~ = r n h ~ -  ~ = S (P~,z + T ~,z, m~ mkz 

e~ = - -  eh~ -~ e~z ~ 3p = - -  trr , 3m =: mr. 
(1.2) 
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H e r e  P, P', Q, Q', R, R' ,  S, S', T, T ' a r e  d i f fe ren t ia l  o p e r a t o r s  of the f o r m  

n n n 

0 ~ 
~ P'~ a~ T" =- ~ t~' ~ ~ P --  ~ P" ~ - : '  ~ P"' or" . . . . .  (1.3) 

/ ~ = 0  k = o  k = ~  

The  o p e r a t o r  equat ions  fo r  the f o r c e  and m o m e n t  s t r e s s e s  follow f r o m  (1.2) 

Rt~t + ~/~ ( P -  R)t~r6~ = t/a ( Q -  S -  T)s~6~t  + Ss~t + Tet~ 

R ' m ~  4- 1/z (P' - -  R') m ~ 6 ~  = ~/~ (Q' - S' - T') q%,~6~t § S'q%t + T'q%~ 
(i.4) 

We in t roduce  the fol lowing nota t ions  for  the rheo log ica l  mode l s  being c o n s i d e r e d  [3]: N is the New- 
ton model ,  K is the K e l v i n - V o i g t ,  M the Maxwell ,  P the P o y n t i n g - T h o m s o n ,  J the J e f f r e y s - L e s e r s i c ,  and 
B the B u r g e r s -  Mindlin. 

The  g e n e r a l i z e d  mode l s ,  taking into account  m i c r o i n e r t i a ,  a s y m m e t r y  of  the f o r c e  s t r e s s  t e n s o r ,  and 
the p r e s e n c e  of m o m e n t  s t r e s s e s ,  will be  denoted by the s a m e  l e t t e r s  with an a s t e r i sk ,  i .e . ,  N*, .. . ,  B*. 

The  d e t e r m i n i n g  equat ions  of  the mode l s  N, N * ,  .. . .  B, B* a r e  obta ined f r o m  the gene ra l  o p e r a t o r  
equat ions  (1.4). F o r  this  p u r p o s e  it su f f i ces  to l imi t  o u r s e l v e s  to n = 2 in (1.3) and to make  app rop r i a t e  
a s s u m p t i o n s  conce rn ing  the va lues  of the coef f ic ien t s  Pk' Pk' ,  . . . .  tk~. 

In (1.3) we se t  

n = 2, p~ = p~' = ro = ro' = t, 

Pd = P o '  = P ~  = P ~ '  = qo = qo' =q~  = q~' = 0  

Under these  a s s u m p t i o n s  Eqs.  (1.4) will t ake  the  f o r m  

0 0 0 ~ ' 
i [ t - ~ ( r l - - l ) - ~ i - ~ - r , ~ I t r r 6 ~ t + ( i - ~ r l - - E i - + r , - g ~ - ) ' ~  
3 

l 
= - -  + (s~ + t2)e~"6~z + s~ekz'" "I- t~sz~'" - -  ~--(sl - -  tl - -  qO sr~'6kz 

�9 t 
§ s :k{  § t:zk - -  - 9 -  (So + to) s,~6~z § s :k ,  § tosl~ 

�9 t " mk~: = q r 

t [I + (rl ' 0 0~ (1 0 02 " 3 --  t) - - ~  -r- r, '  -~V-] mr~6~z + - t  r t ' - - ~  + r~' --g/T) mk, 

t s ' @  s '  "" , .- t , , �9 = - -  -U ( 2 . t2') ~;ir6~z + , q)~,z + t~ q)l,~ --  -U (Sl - -  tl' - -  ql ) q)r,~6~z 

S'  " , �9 t tl q~t,~ --  (so' + to') %,,6~ + so'(~,~ + to'q~,~, + x % :  + -~- t~" = q~e~', 

m '~  ---- qt'cP~" 

(1.5) 

H e r e  r i, r l ' ,  . . . ,t2, t 2' a r e  cons tan t  coef f i c ien t s  c h a r a c t e r i z i n g  the  e las t i c  and v i scous  p r o p e r t i e s  of 

the media .  

Re la t ionsh ips  (1.5) contain all  d e t e rm i n ing  equat ions  of the mode l s  cons ide red .  

The  de t e rmin ing  equa t ions  fo r  any of the  mode l s  N, N*, .... B, B* can be obta ined fo rma l ly  f r o m  (1.5) 

by m e a n s  of  T a b l e  1. 

In the row  of this  table  the  plus s igns  indicate  those  coef f ic ien ts  which should  be r e t a ined  in Eqs.  (1.5) 
fo r  the given model .  

In this  ca se ,  fo r  mode l s  N, K, M, P, J, and B the  n o n z e r o  coef f ic ien t s  next  to each o the r  in the tab le  
should  be c o n s i d e r e d  equal and, f u r t h e r m o r e ,  we se t  ~o r - 0 in (1.2). 

2. We will c o n s i d e r  pe r iod ic  s h e a r  waves  in an unbounded m e d i u m  

u = [ u l ( z ~ ,  t ) , 0 , 0 ] ,  r  ~3(x~,  t)l, ] ~ = l ~ = 0  

u l =  ul ~ exp [~ (kx~ -+ r k = co / c -t- i~ 
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TABLE 1 
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Fig .  1 

g g 

H e r e  k i s  the  wave n u m b e r ,  c i s  the  p r o p a g a t i v e  v e l o c i t y  of the  wave ,  ~ i s  the  d a m p i n g  f a c t o r ,  and oJ 
i s  t he  a n g u l a r  f r e q u e n c y .  

T h e  d i s p e r s i o n  equa t ion  fo r  d i s t u r b a n c e s  in m i c r o p o l a r  m e d i a  has  the  f o r m  

A1A3A~k ~ + (ipo)~At2AB - -  iAsA4Ae--  iA~AaAe 
+ ipjo) ~A tA 3A 6) k S, fi- 2pr 2A 1A 4A 61--  P2J ~ 4A 12A 6 = 0, 

A e  = t - -  ir - -  (o~r2 ' 

A 1 = l - - i o ) r  1 - o ) 2 r ~ ,  A S = - - o ) t  t - [ - i (o)~t~--  to), (2.1) 

A3 = - - o ) s l  + i (r - -  so) 

A ,  = co ~ ( t ~ -  s~) - -  (to - -  so) + ~o) ( h  --Sl), 
A 5  = - - r  + ~ (r ' - -  to')  

The  fo l lowing  v a l u e s  of  t he  c o e f f i c i e n t s  w e r e  u sed  in the  SI s y s t e m  in the  n u m e r i c a l  s o l u t i o n  of  Eq. 
(2.1) on the  M-220  c o m p u t e r :  

r~ = 2 . 1 0  -~ ,  r~' = 1 0  -~,  So = 4 ,  s l  = 1 . 6 ,  t 2 = 1 0  -8,  p = 1 

r2 = t2' = 1 0  -5 , to = t1' =-  s2 = t 0  -2 , to' = t t - =  rz '  = t 0  -1 , 

j = 5 . t0  -~ 
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The graphs of the functions e(~0) and ~(c0) for  models N, N*, . . . ,  B, B* are  given in Fig. 1. 

The values of w a re  indicated on the x axis and the values  of the damping fac tors  and propagation 
veloci t ies  of the shea r  waves on the y axis. 

The propagation veloci ty  and damping fac to r  of an ord inary  shear  wave for  models  N, K, M, P, J, and 
B a re  denoted in the graphs respec t ive ly  by the l e t t e r s  c and }. 

We note that two shea r  waves exist  for  mic ropo la r  media  [4]: an ord inary  shea r  wave which has a 
propagation velocity c t and damping fac tor  }1 and a sh ea r  wave due to the p resence  of moment  s t r e s s e s .  
The l a t t e r  has propagation veloci ty  c 2 and damping fac to r  ~2- 

The graphs of c(w), ~(c0) for  model N and graphs of c1(~), ~(w), c2(~), ~2(~0) for  the genera l ized  model 
N* a re  shown in the f igure with the l e t t e r  N. The graphs with the l e t t e r s  M, J, B, K, and P r e f e r  r e spec t ive -  
ly to the o rd inary  and genera l ized  models  of Maxwell, J e f f r e y s - L e v e r s i c ,  Bu rge r s -Mind l in ,  Kelv in-Voig t ,  
and Poyn t ing -Thomson .  

We see  f rom Fig. 1 that for  all the mic ropo la r  media  the second shear  wave has a large  damping 
fac to r  }2. 

It follows f rom the f igure with le t te r  N that in mic ropo la r  fluid N* the propagation velocity of the 
shea r  wave c z in the f requency range cons idered  is g r e a t e r  than the propagation velocity c, of the ord inary  
shea r  wave. 

We see  f r om a compar i son  of the graphs that the p re sence  of such p roper t i e s  as s t r e s s  relaxat ion and 
elast ic  a f te ref fec t  fo r  media  M*, J*, B*, and K* is re la ted  to a substantial  dec rease  of the propagation 
veloci ty  of wave c 2. In this case  both the elast ic  af teref fec t  and s t r e s s  relaxat ion of the media  have l i t t le  
ef fect  on the damping fac tor  }2. 

We note  also that for  all models  considerat ion of mic ro ine r t i a  and moment  s t r e s s e s  leads to some 
dec rease  of the propagation veloci ty of the ord inary  shear  wave and to an inc rease  of its damping factor .  
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